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Observers following special classes of finite-lifetime trajectories have been shown to experience an effective
temperature, a generalisation of the Unruh temperature for uniformly accelerated observers. We consider a
mirror following such a trajectory – and is hence localised to a strictly bounded causal diamond – that perfectly
reflects incoming field modes. We find that inertial observers in the Minkowski vacuum detect particles along
the half null-rays at the beginning and end of the mirror’s lifetime. These particle distributions exhibit multi-
partite entanglement, which reveals novel structure within the vacuum correlations. The interaction is modelled
using a non-perturbative circuit model and does not suffer from energy divergences.
Introduction—Using the ‘thermal-time hypothesis’, Mar-
tinetti and Rovelli have demonstrated the existence of ‘Unruh-
like’ effects (namely, a thermalised vacuum state) for ob-
servers localised to bounded regions of spacetime [1, 2].
These regions are known as spacetime or causal diamonds,
and are formed by overlapping the future lightcone at the ob-
server’s birth with the past lightcone at their death. For the
special case of a stationary diamond observer, the temperature
they experience is given by
TD =
2
piT (1)
where T is their lifetime [2]. The origin of this effect lies in
the entanglement structure of the Minkowski vacuum, which
can be expressed as a two-mode squeezed state of the modes
with support inside the diamond, and those external to it [3].
Since the observer only has access to the interior modes in
their restricted section of spacetime, tracing out the unob-
served modes yields a thermal state in their frame of reference
[4–7]. More recently, a physical interpretation was given for
this phenomenon, whereby a finite-lifetime Unruh-deWitt de-
tector was shown to register the same thermal response [7].
The detector considered is a two-level system with a particu-
lar time-dependent energy gap which tends to infinity at the
beginning and end of its lifetime [7].
In relativistic quantum field theory (QFT), free particles
are delocalised in spacetime, usually constructed as super-
positions of complex-valued, positive-frequency field modes
[8–10]. Notably, an observer confined to a causal diamond
perceives and interacts with field modes which are strictly lo-
calised in spacetime. This localisation arises naturally within
the reference frame of the diamond observer, and is achieved
without imposing sharp switching functions upon the interac-
tions, which can lead to spurious dynamical effects [11, 12].
Moreover, localisation via causal diamonds contrasts other
methods of confining quantum fields to finite regions such as
cavity QFT, which imposes physical boundaries on the modes
[13–16]. Hence, we anticipate that diamond observers and the
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modes they detect and interact with may engender novel ap-
proaches to problems where localisation is important, such as
the study of causal structure [17].
In this paper, we consider a finite-lifetime observer (hence-
forth, interchangeable with diamond observer) who interacts
with strictly localised field modes using a mirror. A well-
known result in relativistic QFT is that perfectly reflecting
mirrors act as boundaries which affect the vacuum state of
the field [3, 18]. For certain accelerated trajectories, the ra-
diation flux has a thermal character, analogous to the Hawk-
ing radiation emitted from a black hole formed via gravita-
tional collapse [19, 20]. By modelling the interaction with the
mirror using the non-perturbative quantum circuit framework
introduced in [21, 22], we find that inertial observers in the
Minkowski vacuum detect particle production along the initial
and final half null-rays of the finite-lifetime observer’s dia-
mond (see Fig. 1). Our main result demonstrates the existence
of genuine, multi-partite entanglement between the outgoing
left- and right-moving modes. We argue that this observation
would be a distinct signature of vacuum entanglement. The
amount of entanglement is maximised when the Minkowski
detectors are spatially unresolved, and would be observable
given current experimental limits.
This paper is organised as follows: we first describe the co-
ordinate system of a diamond observer and the Bogoliubov
transformations between the inertial and diamond reference
frame. Using these, we derive output Minkowski operators af-
ter the interaction with the finite-lifetime mirror, and demon-
strate the production of particles along the initial and final half
null-rays of the diamond, from the point of view of inertial ob-
servers. We present numerical results showing multi-partite
entanglement between these particles, before considering the
optimum case. Finally, we show that the non-perturbative
interaction model that we utilise [22] circumvents the usual
energy divergences of the (1+1)-dimensional massless scalar
field [23], before offering some conclusions. In this paper, we
use natural units c = }= kB = 1.
Coordinates, field modes, and Bogoliubov transforma-
tions—A static observer (who stays at r = (x,y,z) = 0) with a
finite lifetime lives in a causal diamond, defined as the over-
lapping region between the future and past lightcones at their
birth and death respectively. The diamond region satisfies
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2FIG. 1. Schematic diagram of the finite-lifetime mirror (left) and the mirror strictly localised within a causal diamond (right). Incoming vacua
are reflected off the mirror and are detected by inertial Minkowski detectors on either side of the mirror. In the diamond, the lines of latitude
and longitude represent constant η ,ξ respectively.
|t|+ |r| < 2/a where T = 4/a is the lifetime of the observer.
To describe spacetime events and field modes within the di-
amond, we introduce diamond coordinates (η ,ξ ,ζ ,ρ) which
are related to the Minkowski coordinates via the transforma-
tion [7]
η = a−1 tanh−1
{
at
1+(at/2)2− (ar/2)2
}
(2)
ξ = a−1 ln
{√
(1+(at/2)2− (ar/2)2)2− (at)2
f (t,x,y,z;a)
}
(3)
ζ =
2y
f (t,x,y,z;a)
(4)
ρ =
2z
f (t,x,y,z;a)
(5)
where f (t,x,y,z;a) = 1− (at/2)2 + (ar/2)2 − ax and r =√
x2+ y2+ z2. Intriguingly, there exists a conformal trans-
formation that maps the bounded diamond region to the right
Rindler wedge (unbounded), and an analogous transformation
maps the region outside the diamond to the left Rindler wedge
[2]. This property provides some physical intuition to under-
stand correlations between field modes inside and outside the
diamond. We also note that recent works have drawn con-
nections between the diamond region to the spacetime asso-
ciated with the interior and exterior horizons of a Reissner-
Nordstro¨m black hole [24, 25], as well as the static patch of
de Sitter spacetime [26, 27].
For the remainder of this paper, we consider a static di-
amond observer in (1+1)-dimensional Minkowski spacetime
who uses the following coordinates to describe events and dis-
tances in their reference frame,
η = a−1 tanh−1
{
at
1+(at/2)2
}
(6)
ξ = 0. (7)
Along the observer’s worldline, t = 2a−1 tanh(aη/2) or dt =
dη/cosh2(aη/2). At η = 0, their clock ticks at the same rate
as that of an inertial Minkowski observer, whilst at η =±∞, it
ticks at an infinite rate. The observer interacts with a massless
scalar field Φˆ, for which the Klein-Gordon equation Φˆ = 0
admits plane wave solutions of the form,
Φˆ(U,V ) =
∫
dk(aˆkluk(V )+ aˆkruk(U)+H.c
)
, (8)
where H.c denotes the Hermitian conjugate, aˆkl(r) are
Minkowski annihilation operators corresponding to the left-
moving, uk(V ) = (4pik)−1/2 exp(−ikV ), and right-moving,
uk(U) = (4pik)−1/2 exp(−ikU), positive-frequency mode
functions with frequency k, and V = t+ z, U = t− z are light-
cone coordinates [3]. In (1+1)-dimensional spacetime, the
left- and right-moving modes are decoupled, so for simplic-
ity we treat only the left-moving sector of the field until noted
otherwise. Analogous results hold for the right-moving sector.
One can also expand the field Φˆ(V ) in terms of the single-
frequency diamond mode functions [7],
g(0)ω (V ) =
1√
4piω
(
1+aV/2
1−aV/2
)−iω/a
θ(2/a−|V |) (9)
g(ex)ω (V ) =
1√
4piω
(
aV/2+1
aV/2−1
)iω/a
θ(|V |−2/a) (10)
which have support inside and outside the diamond respec-
tively. That is,
Φˆ(V ) =
∫
dω
(
bˆωlg
(0)
ω (V )+ bˆωlg(ex)ω (V )+h.c
)
(11)
where bˆ(0)ωl and bˆ
(ex)
ωl are the bosonic operators which have sup-
port inside and external to the diamond. The Bogoliubov
transformation between the diamond and Minkowski mode
operators is given by [7]
bˆ(0)ωl =
∫
dk
(
α(0)ωk aˆkl +β
(0)
ωk aˆ
†
kl
)
. (12)
3By directly calculating the non-zero Bogoliubov coefficients
via the Klein-Gordon inner product,
α(0)ωk = 〈g(0)ω (V ),uk(V )〉
=
2
a
√
Ωκ
sinh(piΩ)
e2iκM(1+ iΩ,2,−4iκ) (13)
β (0)ωk = 〈g(0)ω (V ),u?k(V )〉
=−2
a
√
Ωκ
sinh(piΩ)
e2iκM(1− iΩ,2,−4iκ) (14)
where M(a,b,z) is the first-order confluent hypergeometric
function [28] and κ = k/a,Ω = ω/a, one clearly finds that
the two quantisations are inequivalent; the Minkowski vac-
uum is not a vacuum inside the diamond, and vice versa [7].
In particular, the particle number inside the diamond,
〈0M|bˆ(0)†ωl bˆ(0)ω ′l |0M〉=
∫
dkβ (0)?ωk β
(0)
ω ′k =
δ (ω−ω ′)
e2piω/a−1 (15)
gives the familiar Planck spectrum with temperature a/2pi =
2/piT . In [7], it is shown that an Unruh-deWitt detector
whose energy gap scales as (1− a2t2/4)−1 responds to the
Minkowski vacuum as if it were radiating thermal particles at
this temperature.
Before calculating the output state after the interaction, it
is useful to define a set of modes that span the entirety of
Minkowski spacetime from the diamond operators. We de-
fine Unruh operators, cˆ(0)ω , cˆ
(ex)
ω , that share a vacuum with the
Minkowski operators, and are given by
cˆ(0)ωi = coshrω bˆ
(0)
ωi − sinhrω bˆ(ex)†ωi (16)
cˆ(ex)ωi = coshrω bˆ
(ex)
ωi − sinhrω bˆ(0)†ωi (17)
where rω = tanh−1 exp(−piΩ), i = l,r, and bˆ(ex)ωi is the anni-
hilation operator associated with the external modes, which
can be similarly decomposed as a linear combination of
Minkowski operators, as per Eq. (9). The inverse transfor-
mation is given by,
bˆ(0)ωi = coshrω cˆ
(0)
ωi + sinhrω cˆ
(ex)†
ω (18)
bˆ(ex)ωi = coshrω cˆ
(ex)
ωi + sinhrω cˆ
(0)†
ωi . (19)
Eq. (18) describes the state inside the diamond as a two-mode
squeezed state of the Minkowski vacuum.
Interaction model—To model interactions between the
finite-lifetime observer and incoming field modes, we use
the non-perturbative quantum circuit approach developed re-
cently [21, 22]. In the Heisenberg picture, input Unruh op-
erators cˆ(0)ωi , cˆ
(ex)
ωi are transformed into the diamond operators
bˆ(0)ωi , bˆ
(ex)
ωi . In particular, bˆ
(0)
ω are the natural modes which the
diamond observer interacts with. The input diamond opera-
tors are evolved unitarily into output diamond operators (in
our case, perfectly reflected off the mirror), and then trans-
formed into output Unruh operators. These are used to con-
struct output Minkowski operators which inertial observers
can detect. Inside the diamond, we consider time-dependent
interactions with wavepacket diamond modes,
bˆ(0)gi =
∫
dω g(ω)bˆ(0)ωi , (20)
where g(ω) takes the form
g(ω) =Nω
√
ω exp
[
− (ω−ω0)
2
4δ 2
]
(21)
and Nω ensures that
∫
dω |g(ω)|2 = 1. In the narrowband,
high-frequency limit (ω0  δ ), g(ω) has an approximately
Gaussian profile whereby ω0 is the centre-frequency and δ the
bandwidth of the mode. Moreover, g(ω) can be understood in
the time-domain as a Gaussian pulse centred at t = 0.
In the following, unprimed operators are associated with
input modes prior to the interaction while primed operators
correspond to output modes after the interaction. The input-
output relation between the incoming diamond operator bˆ(0)ωi
and the outgoing operator bˆ(0)′ωi is given by [22, 29]
bˆ(0)′ωi = bˆ
(0)
ωi +g
?(ω)
(
Uˆ†g bˆ
(0)
gi Uˆg− bˆ(0)gi
)
, (22)
where Uˆg is a general unitary transformation enacted by the
diamond observer. Since the diamond observer does not have
access to the external modes, these remain unaffected by the
unitary, bˆ(ex)′ωi = bˆ
(ex)
ωi . For the finite-lifetime mirror, the inter-
action Uˆg can be modelled as a beamsplitter transformation
[30],
Uˆg = exp
[
−iθ(eiφ bˆ(0)†gl bˆ(0)gr + e−iφ bˆ(0)gl bˆ(0)†gr )] (23)
which transforms the incoming wavepacket modes bˆ(0)gl , bˆ
(0)
gr
into the output modes bˆ(0)′gl , bˆ
(0)′
gr as
Uˆ†g bˆ
(0)
gl Uˆg = bˆ
(0)′
gl = bˆ
(0)
gl cosθ − ibˆ(0)gr eiφ sinθ (24)
Uˆ†g bˆ
(0)
gr Uˆg = bˆ
(0)′
gr = bˆ
(0)
gr cosθ − ibˆ(0)gl e−iφ sinθ . (25)
Here, cosθ is the transmissivity of the mirror and φ is its
phase. Thus, for θ = 0, the action of the unitary reduces to
an identity channel and the output operators are identical to
the inputs. Now, using Eq. (16) and (17), the output Unruh
operators can be obtained as follows
cˆ(0)′ωi = cˆ
(0)
ωi +g
?(ω)coshrω
(
Uˆ†g bˆ
(0)
gi Uˆg− bˆ(0)gi
)
(26)
cˆ(ex)′ωi = cˆ
(ex)
ωi −g(ω)sinhrω
(
Uˆ†g bˆ
(0)†
gi Uˆg− bˆ(0)†gi
)
. (27)
The output diamond modes can be straightforwardly substi-
tuted into Eq. (26) and (27) to obtain the expanded form of
the output Unruh operators. Using Eq. (26) and (27), we can
construct output Minkowski operators, which are related to
the output Unruh operators via
aˆ′kl =
∫
dω
(
Akω cˆ
(0)′
ωl +Bkω cˆ
(ex)′
ωl
)
(28)
4aˆ′kr =
∫
dω
(
Bkω cˆ
(0)′
ωr +Akω cˆ(ex)′ωr
)
(29)
where Akω ,Bkω are Bogoliubov coefficients taking the form
Akω =
4
√
Ωκ
a
sinhrωe2iκM(1+ iΩ,2,−4iκ) (30)
Bkω =
4
√
Ωκ
a
coshrωe2iκM(1− iΩ,2,−4iκ), (31)
as derived in Appendix A. We model the inertial observer as
detecting wavepackets of Minkowski modes, defined by
aˆ′f i =
∫
dk fi(k;k0,σ , t0,z0)aˆ′ki (32)
where
fl(k) =Nk
√
k exp
[
− (k− k0)
2
4σ2
− ikV0
]
(33)
fr(k) =Nk
√
k exp
[
− (k− k0)
2
4σ2
− ikU0
]
(34)
and Nk is a normalisation constant. As with the interacting
diamond mode, the functions f (k) have approximately Gaus-
sian profiles in the narrow bandwidth, high-frequency regime
(k0 σ ). In this limit, k0 is the centre-frequency, σ the band-
width and V0 and U0 are the centre positions of the left- and
right-moving modes respectively. We note here that perform-
ing a detection prior to the interaction yields zero particles,
since the incoming modes are Minkowski vacua, aˆ f i. Only
after the interaction, which is described by Eq. (22)-(27), is
there a non-trivial transformation on the input diamond modes
as they are evolved through the circuit.
Particle Production—In analogy with the uniformly accel-
erated mirror, we expect that the presence of the finite-lifetime
mirror will induce particle production from the vacuum state.
The motion of the accelerated mirror rapidly changes the
boundary conditions of incoming field modes, altering the
Hamiltonian of the system and generating particle excitations
from the vacuum [4, 15, 31]. Similarly, the rapid birth and
then abrupt death of the finite-lifetime mirror within the causal
diamond should induce similar vacuum excitations. To our
knowledge, such an interaction has not been studied within
the paradigm of causal diamonds and quantum fields.
To determine the output state after this interaction, we sub-
stitute the output Unruh operators into Eq. (32), from which
one can derive the vacuum expectation value of the parti-
cle number in a wavepacket of output Minkowski modes,
Ni( f ) = 〈0M|a′†f ia′f i|0M〉. For illustration, the particle number
according to a Minkowski detector of the left-moving modes
is given by
Nl( f ) = 2(1− cosθ)
[
|A f gl |2Is+ |B f gl |2Ic
]
(35)
where
A f gl =
∫
dω g?(ω)coshrω
∫
dk fl(k)Akω (36)
B f gl =
∫
dω g(ω)sinhrω
∫
dk fl(k)Bkω (37)
FIG. 2. The particle number according to an inertial observer detect-
ing the outgoing right-moving modes, as a function of ω0/a and aU0.
The outgoing particle distributions are centred around aU0 = ±2,
along the initial and final half null-rays of the diamond. The parame-
ters used here are k0/a = 12,σ/a = 3.2,δ/a = 0.2,θ = pi/2,φ = 0.
and
Ic =
∫
dω |g(ω)|2 cosh2 rω (38)
Is =
∫
dω |g(ω)|2 sinh2 rω . (39)
A symmetrical expression exists for the particle number of the
outgoing right-moving modes. Furthermore, it should under-
stood that within our (1+1)-dimensional model, the detector
will register an identical particle count when placed anywhere
along the half null-ray U = constant after the interaction, ir-
respective of the V -coordinate. This intuition follows for a
detector of the right-moving modes. The particle distribution
of the outgoing left-moving modes is shown in Fig. 2. We
discover that the outgoing particles are concentrated at two
peaks centred at the initial and final half null-rays of the di-
amond. This corresponds with our intuition about the rapid
introduction and removal of the mirror, acting as a boundary
for the modes. The spatial smearing in Fig. 2 is due to the
imperfect spatial resolution of the detectors, which have a fi-
nite spread in frequency. The particle count decays with the
centre-frequency of the reflected diamond mode in a similar
manner to the Planckian thermal spectrum inside the diamond.
Furthermore, the results are symmetric for the left- and right-
moving output modes.
Multi-partite entanglement—The unique distribution of
particles produced by the finite-lifetime interaction motivates
us to consider the entanglement structure of the output state.
The finite-lifetime mirror passively mixes the incoming di-
amond modes via the unitary beamsplitter, Eq. (23), which
does not create entanglement between them. Hence, discover-
ing entanglement in the outgoing particle distributions would
reveal the underlying entanglement in the vacuum state. The
detection of vacuum entanglement (which has never been di-
rectly observed) would vindicate many theoretical predictions
of relativistic QFT, and is closely related to phenomena such
as the Unruh effect and Hawking radiation. Therefore, the
finite-lifetime mirror may function as a stepping stone towards
5experimentally feasible proposals for observing this entangle-
ment.
To quantify the entanglement of the output state, we cal-
culate the entanglement of formation (EoF) between a given
pair of output Minkowski modes. Recent progress has been
made in deriving analytical expressions for the EoF of two-
mode Gaussian states, which has also been proven to be a
more faithful measure of entanglement than say, the logarith-
mic negativity [32, 33]. By measuring the quadratures of the
output modes, the inertial observer can construct the covari-
ance matrix,
σi j =
1
2
〈{xˆi, xˆ j}〉 (40)
which, for two-mode Gaussian states with zero mean value
(here, we calculate the EoF for a given pair of output
Minkowski modes) fully characterises the state. Here, xˆi are
proportional to the second-order moments of the quadrature
field operators and { , } is the anti-commutator [30]. After
calculating the covariance matrix σ , one obtains the EoF by
the following formula [34–37],
EF(σ) = infσpi
{H [σpi(r)] |σ = σpi +φi} (41)
where σp is the pure, two-mode squeezed vacuum charac-
terised by the two-mode squeezing parameter r, φ ≥ 0 is a
positive, semi-definite matrix, and H is the entropy of entan-
glement of σp [38]
H [σp(r)] = cosh2 r log2(cosh2 r)− sinh2 r log2(sinh2 r).
(42)
Computing the EoF reduces to an optimisation problem: find-
ing σp with the smallest H that can be transformed via lo-
cal operations and classical communication into σ [33, 34].
We utilise the MATHEMATICA algorithm developed in [33] to
evaluate the EoF between the output modes.
We consider the detector configuration shown in Fig. 1.
Two inertial detectors are situated on either side of the mirror,
detecting the outgoing Minkowski modes centred along and
nearby the initial and final half null-rays of the diamond. If the
particles detected along a given ray are entangled with those
detected along the other three rays, this would signify the ex-
istence of genuine, multi-partite entanglement in the output
state.
To demonstrate this, we study two cases. Fig. 3 displays
the spatial distribution of the EoF between the left-moving
Minkowski modes detected at the final half null-ray and the
right-moving modes, as a function of the centre frequency of
the reflected mode, ω0 (that is, for narrow bandwidth modes
ω0 δ ). The regions of entanglement are centred at the ini-
tial and final half null-rays of the diamond, where the outgoing
right-moving particles are detected. We observe a complex
entanglement structure between the outgoing modes, where
(i) the region of strongest entanglement swaps between the
final-final pair of modes and the final-initial pair for differ-
ent values of φ , and (ii) the entanglement exhibits frequency-
dependent oscillations, and even a bifurcation and revival for
certain pairs of modes, as ω0/a is increased. This behaviour
suggests that the correlations are distributed between differ-
ent frequencies in a complicated manner. In general, the total
amount of entanglement decays with ω0/a, since the quantum
state inside the diamond begins to resemble the Minkowski
vacuum, yielding fewer particle excitations [22].
Fig. 4 shows the EoF distribution between the left-moving
Minkowski modes detected at the final half null-ray while the
other detector scans through the initial ray on the same side.
In a similar manner to the left- and right-moving entangle-
ment, the EoF peaks along the initial half null-ray, where the
particles are predominantly concentrated. We also observe a
decay and revival of the EoF, for similar reasons as discussed
previously. Note that the detectors of modes moving in the
same direction possess a small but non-vanishing commuta-
tor. We were careful to only consider cases where the ef-
fect on the particle number was negligible and verified that
orthogonalising the two detectors using a Schmidt decompo-
sition preserved strong entanglement [39, 40]. These calcu-
lations were repeated for a detector situated along all four of
the diamond’s null-rays, where we found entanglement with
the modes centred along the other three rays. This verifies
that the entanglement of the outgoing particles is genuinely
multi-partite. Physical detection of this entanglement would
be a signature of vacuum entanglement. Within the diamond
reference frame, the unitary beamsplitter transformation, Eq.
(23), does not entangle the incoming diamond modes, bˆ(0)gi (i.e.
describing thermal states). Hence, we infer that the entangle-
ment of the outgoing particles originates from that already ex-
isting within the Minkowski vacuum state. Furthermore, we
only considered cases where the overlap between Minkowski
detectors of the modes moving in the same direction was neg-
ligible (that is, negating any spurious particle counts arising
due to the Gaussian tails).
Maximising bi-partite entanglement—An important ques-
tion is what parameter regimes maximise entanglement in the
output state. Intuitively, we expect stronger entanglement be-
tween lower-frequency diamond modes (larger particle pro-
duction) similarly detected by low-frequency Minkowski de-
tectors. Furthermore, by utilising narrow bandwidth (in fre-
quency) detectors, the individual particle distributions centred
along the diamond’s null-rays become spatio-temporally un-
resolvable, so that the observed entanglement is bi-partite be-
tween the left- and right-sides of the mirror. Fig. 5 shows
the spatial distribution of the EoF between the left- and right-
moving Minkowski modes, for detectors situated in between
the initial and final null-rays, as a function of the detector
bandwidth σ/a. The maximum EoF is significantly larger
than the multi-partite regime since the detectors count the in-
dividual particle distributions as a single unresolved peak. The
optimal σ/a is not arbitrarily small, indicating a trade-off be-
tween the spatial smearing of the wavepackets and the detec-
tion of the Minkowski modes with strongest entanglement.
One can also quantify the amount of entanglement by the
variances of the quadrature correlations in the output (two-
mode Gaussian) state, which is a more physically accessi-
ble measure. For a two-mode squeezed state
√VXVP < 1
where VX = 〈(Xα0 −Xβ0 )2〉/2 and VP = 〈(Pα0 +Pβ0 )2〉/2. Af-
6FIG. 3. EoF between the detector of the left-moving modes fixed at the final half null-ray with the detector of the right-movers as it passes
through the initial and final half null-rays. The regions of strongest entanglement are centred near the half null-rays, although for certain
frequencies, the EoF bifurcates into two peaks before reviving once more. The EoF peaks also swap between the initial and final rays for
different values of the phase. We have used the parameters k0/a = 8,σ/a = 3.2,δ/a = 0.11,θ = pi/2 and (a) φ = 0, (b) φ = pi/4 and (c)
φ = pi/2.
FIG. 4. EoF between the detector of the left-moving modes at the final half null-ray with the another detector of the left-movers scanning
through the initial half null-ray. The EoF decays in a non-trivial manner with increasing ω0/a. We have used the same parameters as above
with (a) k0/a = 8, (b) k0/a = 12 and (c) k0/a = 16. The EoF between modes moving in the same direction is φ -independent.
ter applying symplectic transformations (phase rotations and
local squeezing) to reduce the covariance matrix to the stan-
dard form, we find an optimal result of
√VXVP ∼ 0.57. This
amount of quadrature squeezing is well within current, ex-
perimentally observable limits. One may consider this as an
advantage of our approach over perturbative methods of en-
tanglement harvesting, where the amount of detected entan-
glement is generally on the order of the weak detector-field
coupling strength, O(λ 2) [41–43].
Finite energy fluxes—Finally, we consider the energy flux
detected by an inertial observer after the finite-lifetime inter-
action between the diamond observer and incoming modes,
and compare this with results found in the literature. It is
well-known that the energy flux from an eternal, uniformly
accelerating mirror is divergent [44]. An important question
is whether the same divergences appear for the finite-lifetime
mirror. One might expect that a mirror reflecting all frequen-
cies of the input field would yield a divergent result, as re-
cently shown using the circuit model for the uniformly accel-
erating mirror [21]. However in our model, the finite-lifetime
mirror reflects a Gaussian wavepacket of diamond modes,
which functionally switches the interaction on and off within
the bounded causal diamond.
To demonstrate the convergence of the total energy radiated
by the mirror, it must be shown that the energy per wavepacket
mode as detected by inertial observers decays faster than 1/k0
at high frequencies. This result would show that the total en-
ergy flux, integrated over all Minkowski modes, converges to
a finite value. Now, in the high-frequency regime, the dou-
ble integrals in Eq. (35) become computationally expensive
to calculate. An alternative approach is to decompose the
Minkowski wavepacket operator as follows [22, 29, 39],
aˆ f l =
(
aˆ f l−
[
aˆ f l , bˆ
(0)†
gl
]
bˆ(0)gl −
[
bˆ(0)gl , aˆ f l
]
bˆ(0)†gl
)
+
([
aˆ f l , bˆ
(0)†
gl
]
bˆ(0)gl +
[
bˆ(0)gl , aˆ f l
]
bˆ(0)†gl
)
(43)
where we have considered the left-moving modes without loss
of generality. Since the first bracketed term is orthogonal to
aˆ f l and bˆgl , only the second bracketed term is affected by the
beamsplitter unitary, Uˆg. The output Minkowski operator is
thus:
aˆ†′f l =
(
aˆ†f l−
[
aˆ f l , bˆ
(0)†
gl
]
bˆ(0)gl −
[
bˆ(0)gl , aˆ f l
]
bˆ(0)†gl
)
+
[
aˆ f l , bˆ
(0)†
gl
](
cosθ bˆ(0)gl + sinθ bˆ
(0)
gl
)
7FIG. 5. Entanglement of formation between the left- and right-
moving Minkowski wavepacket modes, centred in-between the ini-
tial and final rays. For small σ/a, the entanglement peaks are in-
distinguishable, becoming increasingly so for larger σ/a. Here,
we have used k0/a = 0.02,ω0/a = 0.01,δ/a = 0.4,φ = 0,θ =
pi/2,avc = 0.
+
[
bˆ(0)gl , aˆ f l
](
cosθ bˆ(0)†gl + sinθ bˆ
(0)†
gl
)
. (44)
It is straightforward to show that the particle number is given
by
Nl( f ) = 2(1− cosθ)
∣∣[aˆ f l , bˆ(0)†gl ]∣∣2(Ic+Is). (45)
This expression is equivalent to Eq. (35). However rather
than evaluating the double integrals in the commutator, we
can make the association:[
aˆ f l , bˆ
(0)†
gl
]
= 〈g(0)G (V ), fG(V )〉 (46)
which is the Klein-Gordon inner product of the diamond
wavepacket mode function and the Minkowski wavepacket
mode function in position-space. Both g(0)G (V ) and fG(V ) are
obtained by convolving the respective single-frequency mode
functions with a Gaussian wavepacket, expressed as
g(0)G (V ) =
(
δ 2
2piω20
)1/4
e−V
(0)(V (0)δ 2+iω0) (47)
fG(V ) =
(
σ2
2pik20
)1/4
e−(V−V0)((V−V0)σ
2+ik0) (48)
where
V (0) = a−1 ln
(
1+aV/2
1−aV/2
)
. (49)
After calculating 〈g(0)G (V ), fG(V )〉, we plot the energy flux
(k0×Nl) as a function of the centre-frequency of the detected
Minkowski wavepacket mode, shown in Fig. 6. We find that
for sufficiently large δ/a, the energy radiated by the mirror
decays faster than 1/k0. In this regime, integrating over all
modes of the field (and taking into account the low-frequency
energy convergence, below) yields a finite result. The large
FIG. 6. Log-log plot of the energy detected along the final half null-
ray of the left-moving modes, as a function of the centre-frequency of
the detected mode. The three curves represent (blue) a fitted function
decaying as 1/k0, the energy of outgoing modes per k0 with (black)
δ/a = 0.1, and (orange) δ/a = 0.2. For an interaction with δ/a =
0.2, the energy per mode decays faster than 1/k0, indicating the total
energy flux is finite. The other parameters used are ω0/a = 5,aV0 =
2,θ = pi/2,σ/a = 1.
δ/a regime amounts to an interaction which is sufficiently lo-
calised within the diamond, due to the Fourier-transform re-
lationship between frequency and time. This result is corrob-
orated by previous works which obtained finite energy fluxes
for an interaction smoothly switched on and off [45, 46]. For
smaller δ/a, the energy per mode decays slower than 1/k0.
The numerical methods we utilised could not probe signifi-
cantly higher frequencies, and hence the energy convergence
in this regime is inconclusive.
In the low Minkowski-frequency limit (|z|  1), the energy
also converges. To show this, we utilise the asymptotic form
of M(a,b,z)→ 1 for |z|  1 [28], such that the Bogoliubov
coefficients Eq. (36) and (37) reduce to
Akω ' 4
√
Ωκ
a
sinhrωe2iκ (50)
Bkω ' 4
√
Ωκ
a
coshrωe2iκ . (51)
From Eq. (50) and (51) and in the limit |k|  1, we notice
that the Bogoliubov coefficients Eq. (36) and (37), and hence
the particle number, vanish, implying that E( f )→ 0 as k0→
0. Thus, the problem of energy divergences is resolved by
modelling the mirror as reflecting a Gaussian wavepacket of
diamond modes.
Conclusion—In this paper, we have studied the interaction
between a finite-lifetime mirror confined to a bounded causal
diamond and incoming field modes. Inertial observers in the
Minkowski vacuum observe particle production along the half
null-rays of the diamond’s lifetime, which possess genuine,
multi-partite entanglement with a highly non-trivial and novel
spatio-temporal and frequency dependence. We inferred that
this entanglement originated from that pre-existing in the vac-
uum state of the quantum field, since the mirror does not en-
tangle the incoming modes in the diamond reference frame.
8The field quantisation presented here offers a natural ap-
proach to localising field modes and general unitary interac-
tions with quantum objects (such as those commonly used
in quantum optics), without requiring compactly supported
switching functions or boundary conditions. As stated previ-
ously, strictly localised modes have foreseeable applications
in problems where causal order and localisation of the modes
is important. For example, interactions inside multiple dia-
mond regions could be used to simulate a quantum switch,
that is, an interaction that occurs in a coherent superposition of
temporal orders [47–49]. Other probes of the causal structure
of QFT, such as the violation of causal inequalities [50], may
be accessible by constructing quantum communication proto-
cols between spatio-temporally localised diamond observers
[51]. As already mentioned, the diamond region is conformal
to the static patch of de Sitter spacetime [26]. An interesting
direction would be to rigorously derive the coordinate trans-
formations between these two spacetimes.
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Appendix A: Derivation of Akω and Bkω
Here, we outline the derivation of the Bogoliubov coefficients, Eq. (30) and (31). The left-moving Unruh mode functions can be
expressed in terms of the diamond mode functions,
G(0)ω (V ) = coshrωg
(0)
ω (V )+ sinhrωg(ex)?ω (V ) (A1)
G(ex)ω (V ) = coshrωg
(ex)
ω (V )+ sinhrωg
(0)?
ω (V ) (A2)
Using the relation between the diamond modes and the Minkowski modes,
g(0)ω (V ) =
∫ ∞
0
dk
(
α(0)ωk uk(V )+β
(0)
ωk u
?
k(V )
)
(A3)
g(ex)ω (V ) =
∫ ∞
0
dk
(
α (ex)ωk uk(V )+β
(ex)
ωk u
?
k(V )
)
(A4)
and substituting them into Eq. (A1) and (A2), we find that,
G(0)ω (V ) =
1− e−2piΩ√
1− e−2piΩ
∫ ∞
0
dkα(0)ωk uk (A5)
G(ex)ω (V ) =
−e−piΩ(1− e−2piΩ)√
1− e−2piΩ
∫ ∞
0
dkβ (0)?ωk uk (A6)
where by construction, β (0)ωk =−e−piΩα (ex)?ωk and β (ex)ωk =−e−piΩα(0)?ωk . Recalling that the Unruh and Minkowski modes share the
same vacuum, then by definition,
G(0)ω (V ) =
∫ ∞
0
dk Akωuk(V ) (A7)
G(ex)ω (V ) =
∫ ∞
0
dk Bkωuk(V ) (A8)
so substituting Eq. (13) and (14) into Eq. (A5) and (A6) and equating terms, we obtain
Akω =
4
√
Ωκ
a
sinhrωe2iκM(1+ iΩ,2,−4iκ) (A9)
Bkω =
4
√
Ωκ
a
coshrωe2iκM(1− iΩ,2,−4iκ). (A10)
Appendix B: Covariance Matrix Elements
1. Left-Right Entanglement
Let us define the vector operator
xˆ = (Xˆl(0), Xˆl(pi/2), Xˆr(0), Xˆr(pi/2))T (B1)
9where Xˆ(0) = a+ a†, Xˆ(pi/2) = −i(a− a†) are the quadrature operators commonly associated with position and momentum.
The two-mode covariance matrix has elements given by
σi j =
1
2
〈0M|
{
δ xˆi,δ xˆ j
} |0M〉 (B2)
where δ xˆi = xˆi−〈xˆi〉. When the expectation values of the quadrature amplitudes are zero, which is true of the system we are
considering, σˆ contains full information about the state. For left-right entanglement, the non-zero terms which contribute to the
covariance matrix are given by
〈0M|aˆ f l†aˆ f ′l |0M〉= 2(1− cosθ)
[
|A f gl |2Is+ |B f gl |2Is
]
〈0M|aˆ f l aˆ f ′l |0M〉=−2(1− cosθ)A f glB f ′g′l
〈0M|aˆ†f raˆ f ′r|0M〉= 2(1− cosθ)
[
|A f gr|2Is+ |B f gr|2Is
]
〈0M|aˆ f raˆ f ′r|0M〉=−2(1− cosθ)A f grB f ′g′r
〈0M|aˆ f l aˆ f ′r|0M〉=−isinθ
[
eiφA f glA f ′g′r + e
−iφB f glB f ′g′r
]
. (B3)
2. Left-Left Entanglement
The only difference between analysis of the left-left and left-right entanglement are the non-zero terms,
〈0M|aˆ+f l aˆ−f ′l |0M〉=−(1− cosθ)
[
A+f glB
−
f ′g′l +B
+
f glA
−
f ′g′l
]
〈0M|aˆ+†f l aˆ−f ′l |0M〉= 2(1− cosθ)
[
A+?f glA
−
f ′g′l +B
+?
f glB
−
f ′g′l
]
where the superscripts ‘±′ denote detectors situated along the final and initial null-rays respectively. Analogous expressions
follow for entanglement between right-moving modes at the final and initial rays.
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